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Abstract. We derive a lower bound on the field excursion for the tachyon inflation,
which is determined by the amplitude of the scalar perturbation and the number of
e-folds before the end of inflation. Using the relation between the observables like ns
and r with the slow-roll parameters, we reconstruct three classes of tachyon potentials.
The model parameters are determined from the observations before the potentials are
reconstructed, and the observations prefer the concave potential. We also discuss the
constraints from the reheating phase preceding the radiation domination for the three
classes of models by assuming the equation of state parameter wre during reheating is
a constant. Depending on the model parameters and the value of wre, the constraints
on Nre and Tre are different. As ns increases, the allowed reheating epoch becomes
longer for wre = −1/3, 0 and 1/6 while the allowed reheating epoch becomes shorter
for wre = 2/3.
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1 Introduction
Inflation not only provides the solution to the monopole, horizon and flatness problems,
but also provides the seeds for the large scale structure of the Universe. The inflationary
phase is usually driven by the potential or vacuum energy of a scalar field called the
inflaton with a flat potential. Motivated by string theory, the tachyon condensate with
the effective Dirac-Born-Infeld action is an interesting scalar field and the cosmological
consequences of the rolling tachyon were widely studied [1–5]. Tachyon inflation also
provides the almost scale invariant power spectrum [6–8]. To compare inflationary
models with the observations, we need to calculate the observables ns and r for a
pivotal scale k∗, and the results are usually expressed in terms of the number of e-folds
N∗ before the end of inflation at the horizon exit of the pivotal scale. For example,
the chaotic inflation with the power-law potential φp gives ns = 1 − (p + 2)/(2N∗)
and r = 4p/N∗ [9], the Starobinsky model gives ns = 1 − 2/N∗ and r = 12/N2∗ [10]
which is consistent with the Planck 2015 results ns = 0.9645 ± 0.0049 and r0.002 <
0.10 [11]. Therefore, we can parameterize the observables or the slow-roll parameters
with N for inflationary models [12, 13]. Furthermore, by parameterizing the slow-roll
parameters or the observable ns with N , we can constrain the model parameters easily
and reconstruct the inflationary potentials [13–34]. For the ultra slow-roll inflation
[35, 36], the slow-roll parameter η = φ¨/(Hφ˙) is a constant and the reconstruction was
discussed in [37–40]. The reconstruction method was also applied to tachyon inflation
by parameterizing the slow-roll parameter ǫ or equivalently r with N [41].
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In addition to the constraints on ns and r, it was proposed that the reheating phase
preceding the radiation domination may provide further constraints on inflationary
models [42]. Assuming that the effective equation of state parameter wre is a constant,
we can relate the total number of e-folds during reheating with N∗ and the energy scale
at the end of inflation [42–47]. In this paper, we use the reconstruction method by
assuming either constant or simple inverse power-law parametrization to reconstruct
tachyon potentials and discuss additional constraints from reheating.
The paper is organized as follows. In section II, we review the tachyon inflation
and the reconstruction method. The lower bound on the field excursion are derived,
and the relation between the reconstruction method and the generalized β-function
method is also discussed. In section III, we reconstruct the classes of potentials for the
constant ηV , the simple parametrization ns = 1−p/(N +A) and the inverse power-law
parametrization r = 16γ/(N +α)β. By assuming that the equation of state parameter
wre during reheating is a constant, we discuss the constraints on reheating for the three
models in section IV, the paper is concluded in section V.
2 Tachyon inflation
For more general scalar fields, the kinetic term may not take the standard canonical
form. In particular, the tachyon condensate in the string theory can be described by
an effective scalar field with nonlinear kinetic term which drives inflation even without
the help of the potential. The effective action for the rolling tachyon is
ST = −
∫
d4x
√−g V (T )
√
1 + gµν∂µT∂νT . (2.1)
Applying the Arnowitt-Deser-Misner (ADM) metric [48],
ds2 = −N 2dt2 + hij
(
dxi +N idt
) (
dxj +N jdt
)
, (2.2)
the gravitational and tachyon action becomes
S =
∫
d4xN
√
h

12
[
(3)R +
1
N 2
(EijEij −E2)
]
− V
(
1− T˙
2
N 2
) 1
2

 , (2.3)
where N and N i are the lapse and the shift functions, respectively, all the spatial
indices are raised and lowered by the metric hij for the three dimensional space, T˙ =
dT/dt,
Eij =
1
2
(
h˙ij −∇iNj −∇jNi
)
, (2.4)
E = hijEij , the extrinsic curvature Kij = Eij/N , and the covariant derivative is
with respect to the three dimensional spatial metric hij. Note that we take Mpl =
1/
√
8πG = 1. Since the lapse and shift functions N and Ni contain no time derivative,
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the variations with respect to them give the corresponding Hamiltonian and momentum
constraints,
∇i
[
1
N
(Eij − hijE)
]
= 0, (2.5)
(3)R − 1
N 2
(EijEij − E2)− 2V
(
1− T˙
2
N 2
)− 1
2
= 0. (2.6)
For the homogeneous and isotropic background, N = 1, Ni = 0 and hij = a
2δij ,
the Hamiltonian constraint (2.6) becomes the Friedmann equation
H2 =
1
3
V√
1− T˙ 2
, (2.7)
and the momentum constraint satisfies automatically. The energy density and the
equation of state for the tachyon field are
ρ =
V√
1− T˙ 2
, (2.8)
w =
p
ρ
= T˙ 2 − 1. (2.9)
The equation of motion for the tachyon field is
T¨
1− T˙ 2 + 3HT˙ +
V,T
V
= 0, (2.10)
where V,T = dV/dT . Combining eqs. (2.7) and (2.10), we get
H˙ = −3
2
H2T˙ 2. (2.11)
Before we review the slow-roll inflation and perturbations, we discuss the inflationary
attractor [49] first. Combining eqs. (2.7) and (2.11), we get the Hamilton-Jacobi
equation
V 2 = 9H4 − 4(dH/dT )2. (2.12)
SupposeH0(T ) is a solution to eq. (2.12), either inflationary or noninflationary, then we
consider a perturbation δH(T ) around H0(T ), i.e., another trajectory H0(T ) + δH(T )
which satisfies eq. (2.12). To the linear perturbation, we get
9H30δH = 2(dH0/dT )(dδH/dT ). (2.13)
In terms of the number of e-folds N before the end of inflation, we get the solution
δH(T ) = δH(Ti) exp [−3 (Ni −N)] . (2.14)
If H0(T ) is an inflationary solution, then all linear perturbations approach it exponen-
tially as the tachyon rolls down, so inflationary attractor exists if the potential is able
to support inflation.
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2.1 slow-roll inflation
From eq. (2.11), we get
a¨
a
= H˙ +H2 = H2
(
1− 3
2
T˙ 2
)
. (2.15)
The condition for inflation a¨ > 0 requires T˙ 2 < 2/3. If the tachyon field satisfies the
slow-roll conditions
T˙ 2 ≪ 1, (2.16)
T¨ ≪ 3HT˙ , (2.17)
then the background equations during inflation are
H2 ≈ V
3
, (2.18)
3HT˙ ≈ −V,T/V. (2.19)
By using the number of e-folds N(t) = ln(ae/a) before the end of inflation,
N(t) =
∫ te
t
H(t)dt, (2.20)
we introduce the horizon-flow slow-roll parameters [50]
ǫ0 =
H∗
H
, (2.21)
ǫi+1 = −d ln |ǫi|
dN
, (2.22)
where the subscript e denotes the end of inflation, the subscript ∗ denotes the horizon
crossing and we choose H∗ as the Hubble parameter at the horizon crossing for a
particular scale, for example, k∗ = 0.002 Mpc
−1. For the tachyon field, the first two
slow-roll parameters are [8]
ǫ = ǫ1 = − H˙
H2
=
3
2
T˙ 2 ≈ 1
2
V 2,T
V 3
, (2.23)
η = ǫ2 = 2
T¨
HT˙
≈ −2V,TT
V 2
+ 3
V 2,T
V 3
. (2.24)
From eqs. (2.20) and (2.23), we get
N(T ) = ±
√
3
2
∫ Te
T
H√
ǫ
dT ≈
∫ T
Te
V 2
V,T
dT, (2.25)
where the ± sign is the same as the sign of T˙ .
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2.2 Perturbations
For convenience, we choose the flat gauge,
δT (x, t) = 0, N = 1 +N1, Ni = ∂iψ +N
T
i ,
hij = a
2
(
(1 + 2ζ + 2ζ2)δij + γij +
1
2
γilγlj
)
,
(2.26)
where ∂iNTi = 0, ζ and γij denote the scalar and tensor fluctuations respectively, the
tensor perturbation satisfies ∂iγ
ij = 0 and hijγij = 0. Note that N1, ψ, N
T
i , ζ and γij
are first order quantities. Substituting eq. (2.26) into the momentum constraint (2.5)
and the Hamiltonian constraint (2.6), to the first order, we get the solution NTi = 0
and
N1 =
ζ˙
H
,
ψ = − ζ
a2H
+ χ,
∇2χ = 3
2
T˙ 2
1− T˙ 2 ζ˙ .
(2.27)
Combining the solution (2.27) with the background equations (2.7), (2.10) and (2.11),
to the second order of perturbation, the action (2.3) for the scalar perturbation becomes
S = −3
2
∫
d4x
[
aT˙ 2(∂iζ)
2 − a3 T˙
2
1− T˙ 2 ζ˙
2
]
. (2.28)
Using the canonically normalized field v = zζ , where
z =
√
3aT˙√
1− T˙ 2
, (2.29)
the action (2.28) becomes
S =
∫
d3xdτ
1
2
[
v′2 − c2s(∂iv)2 +
z′′
z
v2
]
, (2.30)
where the prime denotes the derivative with respect to the conformal time τ =
∫
dt/a,
and the effective sound speed is c2s = 1− T˙ 2 [6]. In terms of the slow-roll parameters,
we get [8]
z′′
z
≈ a2H2(2− ǫ+ 3
2
η). (2.31)
To discuss the quantum fluctuations, we define the operator
vˆ(τ, ~x) =
∫
d3k
(2π)3
[
vk(τ)aˆke
i~k·~x + v∗k(τ)aˆ
†
ke
−i~k·~x
]
, (2.32)
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where the creation and annihilation operators satisfy the standard commutation rela-
tions [
aˆk, aˆ
†
k′
]
= (2π)3δ3(~k − ~k′),
[aˆk, aˆk′] =
[
aˆ†k, aˆ
†
k′
]
= 0,
(2.33)
and the mode functions obey the normalization condition
v′kv
∗
k − vkv∗k ′ = −i. (2.34)
We choose the Bunch-Davis vacuum defined by aˆk|0〉 = 0. Varying the action (2.30)
and using eq. (2.31), we obtain the Mukhanov-Sasaki equation for the mode function
vk(τ) [8],
v′′k +
(
c2sk
2 − ν
2 − 1/4
τ 2
)
vk = 0, (2.35)
where
ν =
3
2
+ ǫ+
1
2
η. (2.36)
Solving eq. (2.35) with the condition (2.34), we find that outside the horizon, the
scalar perturbation is almost a constant,
|ζk| = |vk|
z
= 2ν−
5
2
Γ(ν)
Γ(3/2)
H(1− ǫ)ν−1/2
c
1/2
s k3/2ǫ1/2
(
csk
aH
) 3
2
−ν
. (2.37)
Therefore, the power spectrum of the scalar perturbation is [8]
Pζ =
k3
2π2
|ζk|2 =
[
1−
(
5
3
+ 2C
)
ǫ− Cη
]
H2
8π2ǫ
∣∣∣∣
csk=aH
, (2.38)
where C = γ + ln 2− 2 ≈ −0.72. The amplitude of the scalar perturbation is
As =
H2
8π2ǫ
∣∣∣∣
csk=aH
. (2.39)
The scalar spectral tilt is [6, 8]
ns − 1 = d lnPζ
d ln k
∣∣∣∣
csk=aH
= −2ǫ− η. (2.40)
For the tensor perturbation, to the second order, the action (2.3) becomes
S =
1
8
∫
d4x
[
a3(γ˙ij)
2 − a(γij,k)2
]
, (2.41)
so the tensor spectrum is [8]
PT = [1− 2(1 + C)ǫ] 2H
2
π2
∣∣∣∣
k=aH
. (2.42)
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The tensor spectral tilt is [8]
nT = −2ǫ[1 + ǫ+ (1 + C)η]. (2.43)
The tensor to scalar ratio is [6, 8]
r = 16ǫ
[
1− 1
3
ǫ+ Cη
]
. (2.44)
2.3 Field excursion
If ǫ is a monotonic function and H decreases during inflation, then from eqs. (2.25)
and (2.39), we get
N∗ ≤
√
3
2
H∗√
ǫ(T∗)
|Te − T∗| =
√
12π2AsMpl∆T. (2.45)
In the last equality, we write out Mpl explicitly. Therefore, similar to the Lyth bound
[51, 52], there is a lower bound on the field excursion for the tachyon,
Mpl∆T ≥ N∗√
12π2As
≈ 1.18× 105
(
N∗
60
)
, (2.46)
where we use the observational value ln(1010As) = 3.094 [11].
2.4 Summary of the relations
From eqs. (2.20) and (2.23), we get
ǫ =
3
2
T˙ 2 ≈ V,N
2V
. (2.47)
From eq. (2.24), we get
η =
2T¨
HT˙
= −d ln ǫ
dN
. (2.48)
Substituting eqs. (2.47) and (2.48) into eq. (2.40), we get
ns − 1 = −2ǫ+ d ln ǫ
dN
=
(
ln
V,N
V 2
)
,N
. (2.49)
From these relations, we see that once we parameterize one of the observable ns and r
or the slow-roll parameters ǫ and η by N , we can derive all other parameters and the
potential V (N). Additionally, if we use the following relation
dT ≈ ±
√
V,N
V
dN, (2.50)
to derive the function T (N), then we can reconstruct the potential V (T ), where the
± sign is the same as the sign of dV/dT . Alternatively, we can derive V (T ) with the
following relation,
dV
dT
=
dV
dN
dN
dT
= ±V 3/2(2ǫ)1/2. (2.51)
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Therefore, by specifying one of the functions ǫ(N), η(N), ns(N), T (N) and V (N), we
can derive the observable ns(N) and r(N) and reconstruct the potential V (T ) within
the observable scales. Since we approximate the power spectrum to the first order of
the slow-roll parameters by assuming that the higher order corrections are small, the
reconstruction is valid only under the slow-roll approximation and the reconstructed
potential satisfies the slow-roll condition. Outside the slow-roll regime, the potential
can be rather different.
2.5 The relation to generalized β-function formalism
In the generalized β-function formalism [53–55], the superpotential W (T ) = −2H(T )
and the β-function is defined as
β(T ) = −2(−p,X)−1/2W,T
W
, (2.52)
where −p,X = ρ = V (T )/
√
1− T˙ 2. By using the Friedman eqs. (2.7) and (2.10), it
can be shown that β2(T ) = 3T˙ 2, so
β(T ) = −
√
2ǫ ≈ − V,T
V 3/2
. (2.53)
For a given β-function, we can reconstruct the potential V (T ) from the above relation.
Once the potential is reconstructed, we can derive the parametrization from eq. (2.53).
Alternatively, if we parameterize the slow-roll parameters or the observables by N , we
can reconstruct the potential and derive the β-function from eq. (2.53).
3 The reconstruction
The simplest parametrization is the constant parametrization. Let us consider ǫ = r/16
being a constant first. For this case, we get η = 0 from eq. (2.48), and ns = 1− 2ǫ =
1 − r/8 from eq. (2.49). The result r = 8(1 − ns) is excluded by the Planck 2015
observations at the 3σ level. If we assume that η is a constant, then from eq. (2.48),
we get
ǫ = e−ηN , (3.1)
where we choose the integration constant so that ǫ(N = 0) = 1. Plugging the result
(3.1) into eq. (2.49), we get
ns = 1− r
8
+
1
N
ln
( r
16
)
. (3.2)
The result is also excluded by the Planck 2015 observations at the 3σ level. Now let
us consider the case that ns is a constant. From eq. (2.49), we get
ǫ = − αe
αN
2eαN + αD
, (3.3)
V = −V0
[
1 +
2
αD
eαN
]−1
, (3.4)
– 8 –
where the constant α = ns−1. The end of inflation ǫ(N = 0) = 1 givesD = −(2+α)/α.
The tensor to scalar ratio is
r =
16(1− ns)
2− (1 + ns)e(1−ns)N . (3.5)
This result is again excluded by the Planck 2015 observations at the 3σ level.
3.1 The constant slow-roll inflation
Now Let us consider the slow-roll parametrization with constant ηH ,
ηH = − H¨
2HH˙
= ǫ+
1
2
d ln ǫ
dN
, (3.6)
where the constant |ηH | < 1. By imposing the condition ǫ(N = 0) = 1, the solution to
eq. (3.6) is
ǫ =
r
16
=
ηH
1 + (ηH − 1) exp(−2ηHN) . (3.7)
Substituting the result (3.7) into eqs. (2.49) and (2.50), we get
ns − 1 = 2ηH − 4ηH
1 + (ηH − 1) exp(−2ηHN) , (3.8)
and the reconstructed potential
V = 2V0 sec
2
[√
ηHV0 (T − T0)
]
. (3.9)
Comparing the results (3.7) and (3.8) with the Planck 2015 observations [11], we get
the constraints on ηH and N∗ and the results are shown in figure 1. We see that the
constant ηH is not consistent with the observations at the 1σ level if N∗ ≤ 60.
Next we consider the constant slow-roll parametrization
ηV = 2
V,TT
V 2
≈ d ln ǫ
dN
+ 6ǫ, (3.10)
where the constant |ηV | < 1. From the definition of ηV , we find that the potential V (T )
takes the form of the Weierstrass function. By imposing the condition ǫ(N = 0) = 1,
the solution to eq. (3.10) is
ǫ =
r
16
= − ηV
(6− ηV )e−ηV N − 6 . (3.11)
Substituting eq. (3.11) into eq. (2.49), we get
ns − 1 = 8ηV
(6− ηV )e−ηV N − 6 + ηV . (3.12)
From eqs. (3.11) and (3.12), we get ηV = ns − 1 + r/2. Comparing the results (3.11)
and (3.12) with the Planck 2015 observations [11], we get the constraints on ηV and N∗
– 9 –
Figure 1. The marginalized 68%, 95% and 99.8% confidence level contours for ns and r0.002
from Planck 2015 data [11] and the observational constraint on ηH . The left panel shows the
ns − r contours and ηH increases along the arrow direction. The right panel shows the 95%
and 99.8% confidence level constraints on ηH and N∗ and they are colored by the blue and
green, respectively.
and the results are shown in figure 2. For N∗ = 60, we get −0.0374 < ηV < −0.0142 at
the 1σ level, −0.0435 < ηV < −0.0031 at the 2σ level and −0.0473 < ηV < 0.0067 at
the 3σ level. From figure 2, we see that ηV < 0 is favored at more than 2σ confidence
level, so the concave potential is preferred. From now on, we call constant ηV as the
constant slow-roll inflation.
Substituting eq. (3.11) into eq. (2.47), we get
V (N) = V0
∣∣6eηV N − 6 + ηV ∣∣ 13 , (3.13)
where
V0 =
3π2Asr
2
∣∣∣∣ 8− 8ns − r(8− 8ns − 4r) (7− ns − r/2)
∣∣∣∣
1/3
. (3.14)
From eq. (2.50), we get
dT =
2
ηV
√
2|ηV |
V0
1
(6x2 − 6 + ηV )2/3dx, (3.15)
where x = eηV N/2. The solution gives the Hypergeometric function
T − T0 = 2
ηV
√
2|ηV |
V0
exp(ηVN/2)
(6− ηV )2/3 2F1
(
1
2
,
2
3
;
3
2
;
6eηVN
6− ηV
)
. (3.16)
Combining eqs. (3.13) and (3.16), we can obtain the potential V (T ). If we take
ηV = −0.021 and N∗ = 60, we get ns = 0.968, r = 0.022 and ∆T = T∗−Te = 3.66×105,
so the field excursion satisfies the bound (2.46). By using these parameters, we plot
the potential in figure 3, and the slow-roll attractor for the potential is shown in figure
4.
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Figure 2. The marginalized 68%, 95% and 99.8% confidence level contours for ns and r0.002
from Planck 2015 data [11] and the observational constraint on ηV . The left panel shows the
ns − r contours and ηV increases along the arrow direction. The right panel shows the 68%,
95% and 99.8% confidence level constraints on ηV and N∗ and they are colored by the red,
blue and green, respectively.
A
B
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-2 0 2 4 6 8 10
0.0
0.5
1.0
1.5
2.0
(T-T0) / 10
5
V
/V
0
Figure 3. The reconstructed potentials normalized by V0 from eq. (3.14). The solid line A
corresponds to the potential for the constant slow-roll inflation, the dashed line B denotes
the potential (3.25), and the dotted line C denotes the potential from eq. (3.45).
HSR
Hi1
Hi2
Hi3
0 1 2 3 4 5
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
(T-T0) / 10
5
H
(1
0
-
5
)
Figure 4. The solutions to the Hamilton-Jacobi equation (2.12) for the potential (3.13)
with different initial values H(Ti). The solid line labelled as HSR corresponds to the slow-roll
attractor.
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3.2 The power-law parametrization of ns
The observational data favors ns = 1 − 2/N∗ with N∗ = 60, so we choose the
parametrization
ns = 1− p
N + A
. (3.17)
From eq. (2.49), we get
ǫ(N) =


p− 1
2(N + A) + 2C(p− 1)(N + A)p , p 6= 1,
1
2(N + A)[C − ln(N + A)] , p = 1,
(3.18)
and
V (N) =


V˜0(p− 1)
(p− 1)C + (N + A)1−p , p 6= 1,
V˜0
C − ln(N + A) , p = 1,
(3.19)
where C and V˜0 are integration constants.
For convenience, let us consider the case p = 1 first. At the end of inflation,
N = 0 and ǫ(N) = 1, so C = (2A)−1 + lnA, and we get
ns = 1− 1
N + A
, (3.20)
r =
16A
(N + A) (1− A ln[(N + A)/A]2) . (3.21)
It is easy to show that the results are excluded by the Planck 2015 observations [11]
at the 3σ level.
For p 6= 1, from the condition ǫ(N = 0) = 1, we get p − 1 − 2A = 2C(p − 1)Ap,
so the tensor to scalar ratio is
r =
16(p− 1)
2(N + A) + (p− 1− 2A)(N + A)p/Ap . (3.22)
Note that if C = 0, then p = 1+2A and r = 8[N(1−ns)−1]/(N −1/2). If p > 1+2A
with A > 0, then r ∼ 1/Np. In particular, for the case p = 2, we get the familiar
α attractor ns = 1 − 2/N∗ and r = 12α/N2∗ for large N and C 6= 0. Comparing the
results (3.17) and (3.22) with the Planck 2015 observations [11], taking N∗ = 60, we
get the constraints on p and A and the results are shown in figure 5. From figure 5,
we see that the results are similar to those for canonical scalar field [25].
Now we proceed to derive the class of potentials. From eq. (2.50), we get
dT = V˜
−1/2
0 (N + A)
− p
2dN. (3.23)
For p 6= 1 and p 6= 2, we have
N(T ) + A =
[
(2− p)
√
V˜0
2
(T − T0)
] 2
2−p
. (3.24)
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Combining eqs. (3.19) and (3.24), for p 6= 1+ 2A, p 6= 1 and p 6= 2, we get the inverse
power-law potential [8, 56, 57]
V (T ) = V0
[
1 + β1(T − T0)
2p−2
p−2
]−1
, (3.25)
where
V0 =
2V˜0(p− 1)Ap
p− 1− 2A , (3.26)
β1 =
2ApV˜
(p−1)/(p−2)
0
p− 1− 2A
(
2− p
2
)2(p−1)/(p−2)
, (3.27)
and
V (T ) = (p− 1)V˜0
[
(2− p)
√
V˜0
2
(T − T0)
]2(p−1)/(2−p)
, (3.28)
for p = 1 + 2A, p 6= 1 and p 6= 2. If we take p = 1.934, A = 0.446 and N∗ = 60,
we get ns = 0.968, r = 0.022, and ∆T = T∗ − Te = 5.4 × 105, so the bound (2.46) is
satisfied. With these model parameters, we plot the potential (3.25) in figure 3, and
the slow-roll attractor is shown in figure 6.
For p = 2, we have
N(T ) + A = exp
[√
V˜0 (T − T0)
]
. (3.29)
Combining eqs. (3.19) and (3.29), we get the potential for the α attractor (3.17) with
p = 2
V (T ) = V0
[
1 + β2 exp
(
−
√
V˜0 (T − T0)
)]−1
, (3.30)
where A 6= 1/2 and
V0 =
2A2V˜0
1− 2A, (3.31)
β2 =
2A2
1− 2A, (3.32)
and
V (T ) = V˜0 exp
[√
V˜0 (T − T0)
]
, (3.33)
for A = 1/2 and p = 2.
3.3 The power-law parametrization of r
In this subsection, we consider the parametrization
ǫ =
r
16
=
γ
(N + α)β
, (3.34)
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Figure 5. The marginalized 68%, 95% and 99.8% confidence level contours for ns and r0.002
from Planck 2015 data [11] and the theoretical predictions for the parametrization (3.17) with
N∗ = 60. The left panel shows the ns− r contours and the right panel shows the constraints
on p and A for N∗ = 60. The red, blue and green regions correspond to 68%, 95% and 99.8%
confidence levels, respectively. The solid black line denotes p = 1 + 2A.
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Figure 6. The solutions to the Hamilton-Jacobi equation (2.12) for the potential (3.25)
with different initial values H(Ti). The solid line labelled as HSR corresponds to the slow-roll
attractor.
where γ = αβ so that ǫ(N = 0) = 1. Substituting the parametrization (3.34) into eq.
(2.49), we get
ns − 1 = −2( α
N + α
)β − β
N + α
. (3.35)
Comparing the results (3.34) and (3.35) with the Planck 2015 observations [11], we
get the constraints on α and β and the results are shown in figure 7. Substituting eq.
(3.34) into eq. (2.47), we get
V (N) = V˜0(N + α)
2α, (3.36)
for β = 1, and
V = V˜0 exp
[
2γ
1− β (N + α)
1−β
]
, (3.37)
for β 6= 1. So for β 6= 1, combining eqs. (3.34) and (3.37), we get
ǫ = γ
[
1− β
2γ
ln
(
V
V˜0
)]− β
1−β
. (3.38)
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Figure 7. Same as figure 5 but for the parametrization (3.34). The left panel shows the
ns − r contours and the right panel shows the constraints on α and β for N∗ = 60. The red,
blue and green regions correspond to 68%, 95% and 99.8% confidence levels, respectively.
Let us consider the case β = 1 first. Substituting eq. (3.36) into eq. (2.50), we
get
dT
dN
=
√
2α
V˜0
(N + α)−α−
1
2 . (3.39)
If α = 1/2, then
N + α = exp
[√
V˜0 (T − T0)
]
. (3.40)
Combining eq. (3.36) and eq. (3.40), we get the exponential potential [41] for β = 1
and α = 1/2
V = V˜0 exp
[√
V˜0 (T − T0)
]
. (3.41)
If α 6= 1/2, then
N + α =


√
V˜0
2α
(
1
2
− α
)
(T − T0)


2
1−2α
. (3.42)
Combining eq. (3.36) and eq. (3.42), we get the power-law potential [41] for β = 1
and α 6= 1/2
V = V0(T − T0)4α/(1−2α), (3.43)
where
V0 = V˜0


√
V˜0
2α
(
1
2
− α
)
4α
1−2α
. (3.44)
Now let us discuss the general case β 6= 1. Substituting eq. (3.38) into eq. (2.51),
we get √
2γ dT = ±
[
1− β
2γ
ln
(
V
V˜0
)] β
2(1−β) dV√
V 3
. (3.45)
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Figure 8. The solutions to the Hamilton-Jacobi equation (2.12) for the potential (3.45)
with different initial values H(Ti). The solid line labelled as HSR corresponds to the slow-roll
attractor.
Although the analytic form for V (T ) is not available, the potential V (T ) can be ob-
tained from eq. (3.45) and it is shown in figure 3. The slow-roll attractor is shown in
figure 8. If we take α = 1.588, β = 1.801 and N∗ = 60, we get ns = 0.968, r = 0.022
and ∆T = T∗ − Te = 6.93× 105, so the bound (2.46) is satisfied.
4 Reheating
From figure 3, we see that the reconstructed potentials have minimum, so when the
tachyon rolls down to the minimum, inflation ends and the tachyon field begins to
oscillate around the minimum. Due to the interaction between the tachyon and rela-
tivistic particles, the tachyon decays to relativistic particles and the energy stored in
the tachyon field is converted to relativistic particles. Although the physics of reheating
is uncertain, the reheating process may provide additional constraint on inflationary
models.
The pivotal scale k∗ = 0.002Mpc
−1 is related to the current Hubble horizon as
csk∗
a0H0
=
a∗H∗
a0H0
=
a∗
ae
ae
are
are
a0
H∗
H0
= e−N∗−Nre
are
a0
H∗
H0
, (4.1)
where are denotes the value of the scale factor at the end of reheating, Nre denotes the
number of e-folds during reheating, and we assume that radiation domination begins
immediately after the reheating, and reheating begins immediately after inflation. If
the equation of state parameter wre is a constant during reheating, then we have
Nre =
1
3(1 + wre)
ln
ρe
ρre
, (4.2)
where ρre is related with the temperature Tre as
ρre =
π2
30
greT
4
re, (4.3)
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and gre is the effective number of relativistic species at reheating. From the entropy
conservation, we can express the temperature Tre with the current cosmic microwave
background temperature T0 = 2.725K through the following relation
a3regs,reT
3
re = a
3
0
(
2T 30 + 6×
7
8
T 3ν0
)
, (4.4)
where gs,re is the effective number of relativistic species for entropy and the current
neutrino temperature Tν0 = (4/11)
1/3T0. Combining the above results, we get [42, 43]
Nre =
4
1− 3wre
[
−N∗ − ln ρ
1/4
e
H∗
+
1
3
ln
43
11gs,re
+
1
4
ln
π2gre
30
− ln csk∗
a0T0
]
, (4.5)
Tre = exp
[
−3Nre(1 + wre)
4
] [
30ρe
π2gre
]1/4
. (4.6)
Since Nre and Tre depend on gre and gs,re logarithmically, so it is safe to take gre =
gs,re = 106.75. Since at the end of inflation, T˙
2 = 2/3, so ρe =
√
3Ve. Using the
observational value [11]
As = H
2
∗/(8π
2ǫ∗) = 2.2× 10−9, (4.7)
we get
Nre =
4
1− 3wre
(
56.94−N∗ − 1
4
lnVe +
1
2
ln ǫ∗
)
, (4.8)
Tre = exp
[
−3Nre(1 + wre)
4
][
3
√
3Ve
10.675π2
]1/4
. (4.9)
These results (4.8) and (4.9) can be used to constrain inflationary models.
For the constant slow-roll inflation (3.10), at the horizon exit, we have
3H2∗ = V0
∣∣6eηVN∗ − 6 + ηV ∣∣1/3 . (4.10)
At the end of inflation, Ve = V0|ηV |1/3, so
Ve = 24π
2ǫ∗As
[
ηV e
−ηV N∗
6− (6− ηV )e−ηV N∗
]1/3
. (4.11)
In deriving the above result, we used the relation H2∗ = 8π
2ǫ∗As. Substituting eqs.
(3.11) and (4.11) into eqs. (4.8) and (4.9), we get
Nre =
4
1− 3wre
{
60.56−
(
1− ηV
12
)
N∗ +
1
6
ln
[
ηV
6− (6− ηV )e−ηVN∗
]}
, (4.12)
Tre = 0.01
[
ηV
6− (6− ηV )e−ηV N∗
]1/3
exp
[
−3Nre(1 + wre)
4
− ηVN∗
12
]
. (4.13)
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Figure 9. Nre (upper panels) versus ns as determined from (3.12) and (4.12), and Tre (lower
panels) versus ns as determined from (3.12) and (4.13) for the constant slow-roll inflation.
From the left to right, the parameter ηV is chosen as ηV = −0.03, −0.025 and −0.02,
respectively. The gray band corresponds to the 1σ Planck constraint ns = 0.9645 ± 0.0049
[11], and the 1σ constraint on N∗ is also given. In each panel, the black, red, blue and
green lines denote wre = −1/3, 0, 1/6 and 2/3, respectively, and the arrow indicates that N∗
increases along the line. The horizontal gray solid and dashed lines in lower panels correspond
to the electroweak scale TEW ∼ 100 Gev and the big bang nucleosynthesis scale TBBN ∼ 10
Mev, respectively.
By choosing different values for ηV and wre, we calculate ns, Nre and Tre by varying
N∗, and the results are shown in figure 9. The parameter ηV is chosen as ηV =
−0.03, −0.025 and −0.02 respectively from the left to right in figure 9, the gray region
corresponds to the 1σ Planck constraint ns = 0.9645±0.0049 [11], and the 1σ constraint
on N∗ for the chosen value of ηV is also shown. The black, red, blue and green lines
denote wre = −1/3, 0, 1/6 and 2/3, respectively. The horizontal gray solid and dashed
lines in lower panels correspond to the electroweak scale TEW ∼ 100 Gev and the big
bang nucleosynthesis scale TBBN ∼ 10 Mev, respectively. From figure 9, we see that
depending on the model parameter ηV and the reheating physics (the value of wre),
the constraints on Nre and Tre are different. As ηV becomes larger, ns increases, the
allowed reheating epoch becomes longer for wre = −1/3, 0 and 1/6 while the allowed
reheating epoch becomes shorter for wre = 2/3. For −0.03 < ηV < −0.02, reheating
with −1/3 ≤ wre ≤ 2/3 are all consistent with the observations. Around the central
value ns = 0.965, ηV = −0.025 and N∗ = 60, wre = 1/6 can have a prolonged reheating
epoch and Nre can be larger than 70.
For the model (3.17), we consider the case p > 1 and p 6= 1 + 2A. Substituting
eqs. (3.18) and (3.19) into eqs. (4.8) and (4.9), we get
Nre =
4
1− 3wre
{
60.38 +
1
4
ln
[
C(p− 1)2 + (p− 1)A1−p]−N∗
−p
4
ln (N∗ + A)− 1
2
ln
[
(N∗ + A)
1−p + C(p− 1)]} , (4.14)
Tre = 0.01 (N∗ + A)
−p/4
[
p− 1
A1−p + (p− 1)C
]1/4
exp
[
−3Nre(1 + wre)
4
]
. (4.15)
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Figure 10. Same as figure 9 but for the model (3.17), the values of the model parameters p
an A are indicated in each panel.
By choosing different values of p, A, N∗ and wre, we calculate ns, Nre and Tre from
eqs. (3.12), (4.14) and (4.15), and the results are shown in figure 10. From figure
10, we see that depending on the model parameters p and A and the value of wre,
the constraints on Nre and Tre are different, but the parameter A has little impact on
the reheating phase. For the parameters p and A that make ns consistent with the
observation, reheating with −1/3 ≤ wre ≤ 2/3 are all consistent with the observations.
As ns becomes larger, the allowed reheating epoch becomes longer for wre = −1/3, 0
and 1/6 while the allowed reheating epoch becomes shorter for wre = 2/3.
For the model (3.34), we consider the case β 6= 1, Substituting eqs. (3.34) and
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(3.37) into eqs. (4.8) and (4.9), we obtain
Nre =
4
1− 3wre
[
60.56 +
α
2(β − 1) −N∗ −
α
2(β − 1)
(
N∗ + α
α
)1−β
− β
4
ln
(
N∗ + α
α
)]
,
(4.16)
Tre = 0.01
(
α
N∗ + α
)β/4
exp
[
−3Nre(1 + wre)
4
+
α
2(1− β)
(
1−
(
N∗ + α
α
)1−β)]
.
(4.17)
By choosing different values of α, β, N∗ and wre, we calculate ns, Nre and Tre from
eqs. (3.12), (4.16) and (4.17), and the results are shown in figure 11. It is obvious
that depending on the model parameters α and β and the value of wre, the constraints
on Nre and Tre are different, but the parameter α has little impact on the reheating
phase. For the parameters α and β that make ns consistent with the observation,
reheating with −1/3 ≤ wre ≤ 2/3 are all consistent with the observations. As ns
becomes larger, the allowed reheating epoch becomes longer for wre = −1/3, 0 and
1/6 while the allowed reheating epoch becomes shorter for wre = 2/3.
5 Conclusions and Discussions
Similar to the usual inflation with canonical scalar field, there is also a lower bound
on the field excursion for the tachyon inflation, but the lower bound for the tachyon
field depends on As and N∗. Using the observational value ln(10
10As) = 3.094 [11], we
derive the lower bound ∆T ≥ 1.18×105 normalized with the reduced Planck mass Mpl
for N∗ = 60, and the bound are supported by the three models discussed in this work.
Since the β-function β(T ) = −√2ǫ, so the reconstruction of the tachyon potentials
from β(T ) is equivalent to the reconstruction from the slow-roll parameter ǫ(T ) or
other parameterizations with the number of e-folds N . We focus on the reconstruction
of tachyon potentials from the parameterizations with N .
Following the reconstruction procedure presented in subsection 2.4, we recon-
struct three classes of tachyon potentials by parameterizing the slow-roll parameters ǫ
(equivalent to the tensor to scalar ratio r), η and the observable ns, respectively. We
first consider the case that the slow-roll parameter is a constant, we find that only the
model with ηV being a constant is consistent with the observations at the 1σ level,
this model is therefore called the constant slow-roll inflation. For N∗ = 60, we get
−0.0374 < ηV < −0.0142 at the 1σ level, −0.0435 < ηV < −0.0031 at the 2σ level
and −0.0473 < ηV < 0.0067 at the 3σ level, so the concave potential is favored by the
observations at more than 2σ level. For the simple model with ns = 1 − p/(N + A),
the potential is either power-law or exponential form. Since the observations constrain
A < 1, so the effect of A is negligible except setting the boundary p = 1 + 2A for the
parameter p. The α attractor is the special case with p = 2 and it is consistent with
observations. For the power-law parametrization r = 16γ/(N + α)β, we find β ∼ 2 is
favored by the observations. For all three models, if we take ns = 0.968 and r = 0.22,
the reconstructed potentials behave similarly and they are concave potentials.
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Figure 11. Same as figure 9 but for the model (3.34), the values of the model parameters α
and β are indicated in each panel.
Depending on the model parameters and the value of wre, the constraints on Nre
and Tre are different, although the parameter A in the model (3.17) and the parameter
α in the model (3.34) have little impact on the reheating phase. For all three models,
if we choose the model parameters so that ns is consistent with the observations, then
reheating with −1/3 ≤ wre ≤ 2/3 are all consistent with the observations. Further-
more, as ns increases, the allowed reheating epoch becomes longer for wre = −1/3, 0
and 1/6 while the allowed reheating epoch becomes shorter for wre = 2/3.
In summary, the main results are: (1) We derive the lower bound on the field
excursion for the tachyon inflation, which is determined by the amplitude of the scalar
perturbation As and N∗. The bound is supported by all three models discussed. (2)
For the models with constant slow-roll parameter, only the model with ηV being a
constant is consistent with the observations at the 1σ level and concave potentials are
favored by the observations. (3) As ns increases, the allowed reheating epoch becomes
longer for wre = −1/3, 0 and 1/6 while the allowed reheating epoch becomes shorter
for wre = 2/3.
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